1. Introduction. In this paper, we investigate positive integer solutions (x, y, z) of some special forms of the simultaneous Pell equations (1.1) ax 2 − by 2 = δ 1 ,
where a, b, c, d are positive integers, and δ 1 , δ 2 are positive integers with gcd(ab, δ 1 ) = gcd(cd, δ 2 ) = 1. Thue [14] and Siegel [13] proved that if (b, δ 1 ) = k(d, δ 2 ) with k an integer, then equations (1.1) have at most finitely many solutions. Anglin [1] described an algorithm for solving equations similar to (1.1).
For the special simultaneous Diophantine equations (1.2) x 2 − ay 2 = y 2 − bz 2 = 1, where a and b are distinct integers, Yuan [20] proved that equations (1.2) have at most one positive integer solution if a = 4m(m + 1) and m is a positive integer. Recently, Yuan [21] showed that equations (1.1) have at most two positive integer solutions if max(a, b, c, d) ≥ 1.6 · 10 59 with b = d, and δ i = 1, i = 1, 2, and that equations (1.2) have at most two positive integer solutions if a > 3.31 · 10 35 . For more results on equations (1.1) and (1.2), see Walsh [17, 18] , Bennett and Walsh [4] , Bennett [3] , Anglin [2] , Yuan [22, 23] , etc. Using an elementary argument based on properties of Lucas sequences and existence of primitive prime factors of Lucas sequences, Yuan [20] showed that the number of positive solutions is at most one when equations (1.2) are of a special form. Ljunggren [7] proved that the equation Ax 2 − By 4 = 1, A > 0, B > 0, has at most one positive solution, which will lead to a contradiction when one assumes equations (1.2) have at least two positive solutions. Yuan [20] just quoted this significant result of Ljunggren to complete his proofs.
In this paper, we shall study positive integer solutions of the special forms of the simultaneous Pell equations (1.3) ax 2 − cy 2 = δ,
where a, b and c are positive integers with (a, c) = 1 and (ac, δ) = 1, δ ∈ {1, 4}. Yuan [20] has investigated the case (a, c, δ) = (1, 4m(m + 1), 1). Following but developing the methods of Yuan [20] , on the basis of properties of Lehmer sequences and primitive prime factors of Lehmer sequences, quoting other results ( [7] , [15] , [9] , [8] ) on the equation Ax 2 − Bx 4 = C, A, B, C > 0, we will study the other two cases (m+1, m, 1) and (m+4, m, 4), and combine these techniques to prove: The structure of the paper is as follows. In Section 2, we present the relevant lemmas on Lehmer sequences and their primitive prime factors. In Section 3, we quote the important theorems on Ax 2 − By 4 = C, and prove some corollaries. In Section 4, we prove Theorem 1.1.
Basic lemmas.
First we consider the equation ax 2 − cy 2 = δ with square-free integers a, c > 0, δ = 1, 4. We have
√ c be the fundamental solution of ax 2 − cy 2 = δ, δ = 1, 4 (i.e. the smallest positive integer solution). Then every positive integer solution (x, y) of this equation can be represented as
We consider (1.3) . Suppose that integers a, b and c are positive and square-free. Let x 
√
c and y
0 √ b be the fundamental solutions of ax 2 − cy 2 = δ and y 2 − bz 2 = 1, respectively. Put
The properties of Lehmer sequences play an important role in this paper. Since these properties are well known, we state the following lemma without proof. (
and 1 otherwise.
Next we look at positive integer solutions of (1.3) . Assume that such solutions exist. Let (x 0 , y 0 , z 0 ) be the positive integer solution with the smallest positive y 0 , and (x, y, z) be any positive integer solution of (1.3). Then there exist positive integers k 0 , l 0 , k and l such that (2.5) (2.6)
To prove our theorem, we refer to two lemmas of [21] . 
Lemma 2.4 ([21, Lemma 2.4]).
Let the notations be as in (2.5) and (2.6). Then y 0 | y, l 0 | l and k 0 | k. Furthermore, l/l 0 and k/k 0 are odd integers, which implies x 0 | x and z 0 | z. Lemma 2.3 gives the relation between U k 1 and U k 2 in the sequence {U k }. By Lemma 2.2(4), U k 1 | U k 2 if and only if k 1 | k 2 . But the relation in Lemma 2.3 is important in proving Lemma 2.8. By Lemma 2.4, we know that z/z 0 is an integer, which will be used in the proof of Lemma 2.7.
To prove our main theorem, we still need the following lemma.
Lemma 2.5. Let m and k be positive integers. Set 
By the definitions of
(2) Using similar methods to those in (1), we obtain (2.10) immediately. 
Then ( V k , U k ) is a positive integer solution of x 2 − 4m(m + 1)y 2 = 1, and
In Lemma 2.5(2), we can also set
, and so
The U 2 k − 1 in Lemma 2.5 (1), (2) contains the factors y (k+1)/2 , y (k−1)/2 . We must clarify the relations between y (k+1)/2 and y (k−1)/2 , which is the key step in proving Theorem 1.1.
, and y (k−1)/2 are defined as in (2.7) and (2.9), then gcd(
For the solutions (x 0 , y 0 , z 0 ) and (x, y, z), we shall prove that the ratio (
is a square whenever equations (1.3) are of special forms.
Lemma 2.7. Let the notations be as in (2.5), (2.6) and in Lemmas 2.5, 2.6.
Proof.
(1) By Lemma 2.1, both k 0 and k are odd. Then, by (2.8), Lemma 2.5(1), and Remark, we obtain
(2) As in (1), we can easily deduce (2.12).
To prove the theorem of this paper, we need the concept and the relevant theory of primitive prime factors of Lehmer sequences.
D. H. Lehmer [6] , extending the theory of Lucas functions, studied a wide class of sequences, commonly referred to as Lehmer sequences. For a nonnegative integer n, the nth term in the Lehmer sequence {P n } is given by Theorem W-D ( [19, 5] ). Assume that, besides the restrictions on L, M stated as above,
Then for n = 1, 2, 3, 4, 6, P n has a primitive prime factor except for
Lemma 2.8. Put
If ξ = 2m + 1 + 2 m(m + 1) and ξ = 2m + 1 − 2 m(m + 1), or ξ = (m + 2 + m(m + 4))/2 and ξ = (m + 2 − m(m + 4))/2, then P k has a primitive prime factor p for any k > 2.
Proof. Consider first the case
Theorem W-D shows that if k > 2 and k = 3, 4, 6, then P k has a primitive prime factor. So we only need to consider the indices k = 3, 4 and 6. For k = 3, we have P 3 = 16m 2 + 16m + 3 = (4m + 1)(4m + 3) and KL = 64m(m + 1)(2m + 1) 2 . Since
we see that if a prime number p divides P 3 and KL, then p = 3. It follows that P 3 is never a power of 3, since otherwise 4m + 1 and 4m + 3 would be powers of 3, which implies a contradiction. So there exists a prime number p such that p | P 3 and p = 3, and p is a primitive prime factor of P 3 .
For k = 4, we obtain P 4 = 16m 2 + 16m + 2 and KL P 3 ≡ −4 (mod P 4 ). So only the prime p = 2 can divide both P 4 and KL P 3 . Since 8m 2 + 8m + 1 is odd, P 4 is never a power of 2; hence a prime factor p > 2 of P 4 is its primitive prime factor.
For k = 6, we have P 5 = (16m 2 + 12m + 1)(16m 2 + 20m + 5), P 6 = (16m 2 + 16m + 3)(16m 2 + 16m + 1), and KL P 3 P 4 P 5 ≡ −3(16m 2 + 16m + 3) (mod P 6 ).
Thus if a prime p divides P 6 and KL P 3 P 4 P 5 , then p = 3 or p | 16m 2 +16m+3. It is also easy to see that 16m 2 + 16m + 1 is never a power of 3. So a prime factor p = 3 of 16m 2 + 16m + 1 is a primitive prime factor of P 6 . Therefore, if ξ = 2m + 1 + 2 m(m + 1), then P k (k > 2) has a primitive prime factor. The argument for ξ = (m + 2 + m(m + 4))/2 proceeds as in the first case.
If p | P n , we can write n = 2qk ± r, 0 ≤ r ≤ k. By Lemma 2.3, P n ≡ ± P r (mod P k ), so p | P r . Since p is a primitive prime factor of P k , we have r = 0 or r = k. Hence k | n. By Lemma 2.2(4), we know that P k | P n if and only if k | n for any k > 2.
3. Corollaries for Ax 2 − By 4 = C (C = 1, 2, 4). In this section we will introduce some theorems and corollaries for Ax 2 − By 4 = C (C = 1, 2, 4).
Theorem L-T ( [7, 15] ). Let D be a positive nonsquare integer and a 1 + b 1 √ D be the smallest positive integer solution of x 2 − Dy 2 = 1. Define
Then the equation From Theorem L-T, with the above notations, we have the following corollary. 
If v 1 is not a square, then the equation If v 1 is a square, then equation (3.14) has at most one positive integer solution other than (x, y) = (u 1 , √ v 1 ), which is given by either (x, y) = (u 3 ,
, the latter occurring if and only if u 1 and v 1 are both squares and A = 1, except for A = 1 and B = 5. If A = 1 and B = 5, the only two positive solutions of (3.14) are (x, y) = (u 1 , √ v 1 ) = (3, 1) and
From Theorem L-Y, it is clear that equation (3.14) has two positive integer solutions if and only if v 1 is a square.
With the notations of Theorem L-Y, by computing, we have Corollary 3.2. If equation (3.14) has two positive integer solutions (x 1 , y 1 ) and (x 2 , y 2 ) with gcd(x 1 , y 1 ) = 1 and gcd(x 2 , y 2 ) = 1, then A = 1 and B = 5, and x 1 is a square, where (x 1 , y 1 ) = (u 1 , √ v 1 ) and (x 2 , y 2 ) = (u 2 , √ v 2 ) with u 2 = u 2 1 − 2 = v 2 1 B + 2 and v 2 = u 1 v 1 . Proof. Since A and B are both odd, and gcd(x 1 , y 1 ) = 1, gcd(x 2 , y 2 ) = 1, it follows that x 1 , y 1 , x 2 , and y 2 are all odd.
If A = 1 and B = 5, then from Theorem L-Y, (x 1 , y 1 ) = (3, 1) and (x 2 , y 2 ) = (322, 12), which is impossible since gcd(x 2 , y 2 ) = 2 > 1. Expanding and computing We first prove Theorem 1.1(1). Assume that Theorem 1.1 (1) is not true, that is, the number of positive integer solutions (x, y, z) of equations (1.3) is greater than one. Since a = m + 1 > 1 in Theorem 1.1(1), from Lemma 2.1 we see that both k 0 and k are odd. So we set k > k 0 ≥ 3 and consider the case 2 ∤ k 0 .
By Lemma 2.7(1), we know that (1) Assume that k 0 +1 | k+1 and k 0 −1 | k−1. By Lemma 2.6, gcd( y (k+1)/2 , y (k−1)/2 ) = 1 and gcd( y (k 0 +1)/2 , y (k 0 −1)/2 ) = 1. By (4.15) it follows that y (k+1)/2 / y (k 0 +1)/2 = F 2 and y (k−1)/2 / y (k 0 −1)/2 = H 2 for some positive integers F and H. Notice that (4) Assume that k 0 + 1 | k − 1 and k 0 − 1 | k − 1. Using similar arguments to those above, we get y (k+1)/2 = H 2 for some positive integer H. Thus (2m + 1, 1) and ( x (k+1)/2 , H) are two solutions of (4.19) . By Corollary 3.1, we have H = 1, and so k = 3, which implies k ≤ k 0 .
Next we consider Theorem 1.1 (2) . Since a = m + 4 > 4, by Lemma 2.1, k 0 and k are both odd, and so let k > k 0 ≥ 3. We only consider the case 2 ∤ k 0 . The following discussion is analogous to that for Theorem 1.1(1), and by Lemmas 2.7(2) and 2.8, we obtain the same type of formulas (4.15) and (4.16). We also distinguish four possible cases.
(1 ′ ) k 0 + 1 | k + 1 and k 0 − 1 | k − 1. By Lemma 2.6 and (4.15), it follows that y (k+1)/2 / y (k 0 +1)/2 = F 2 and y (k−1)/2 / y (k 0 −1)/2 = H 2 for some positive integers F and H. Then ( x (k 0 +1)/2 , 1) and ( x (k+1)/2 , F ) are two solutions of , we have y (k−1)/2 / y (k 0 +1)/2 = F 2 and y (k+1)/2 / y (k 0 −1)/2 = H 2 for some positive integers F and H. Then ( x (k 0 +1)/2 , 1) and ( x (k−1)/2 , F ) are two solutions of (4.20) , and by Corollary 3.2 we have y (k−1)/2 = y (k 0 +1)/2 x (k 0 +1)/2 = y k 0 +1 , which implies k − 1 = 2(k 0 + 1). Since ( x (k 0 −1)/2 , 1) and ( x (k+1)/2 , H) are two solutions of (4.21), by Corollary 3.2 we get k + 1 = 2(k 0 − 1). But k − 1 = 2(k 0 + 1) and k + 1 = 2(k 0 − 1) contradict the assumptions on k 0 and k.
(3 ′ ) k 0 +1 | k +1 and k 0 −1 | k +1. By a similar discussion to (3) above, we obtain y (k−1)/2 = F 2 for some positive integer F . It is trivial that (m + 2, 1) and ( x (k−1)/2 , F ) are two solutions of We also have y (k+1)/2 = H 2 for some positive integer H. Thus (2m+1, 1) and ( x (k+1)/2 , H) are two solutions of (4.22) . By Corollary 3.2, we obtain x (k+1)/2 = m 2 + 4m + 2 and y (k+1)/2 = m + 2. Thus (k + 1)/2 = 2 and so k = 3, which contradicts k > k 0 ≥ 3.
By the above discussion, the proof of Theorem 1.1 is complete.
